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PROBLEM 1:

Consider the two channel filter bank.

(a) Obtain the conditions on the synthesis filter banks to force the aliasing to zero. (1 point)

(b) Let Ho(z) = 1+27! and H;(z) = 1—2~'. Construct synthesis filter banks which ensure perfect
reconstruction of the input signal. (1 point)

Solution:

We note that

xo(n) UU(”) yo(n)
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o(2) = Vol?) = 5 (Xo(2) + Xo(—2))

Vl(zz) = %(Xl(z) + Xl(—z))

X(z) =Yo(2)Fo(z) + Yi(2)Fi(2)
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S X (Ho(2)Fo(2) + Hi(2)Fa(2)) + 5 X(—2)(Ho(~2) Fo(2) + Fi(~2)Fi(2))
(a) To force the alias term to zero, we let
Fo(z) = R(2)H1(—2); F1(2) = —R(2)Hy(—z) for some causal stable R(z).
(b) For perfect reconstruction, we let
Fo(z) =142 F(z)= -1+ 27"

which gives us #(n) = 4z(n — 1).



PROBLEM 2:

Obtain the Haar wavelet decomposition for the signal f(¢) using the Haar basis. Indicate the
signal dimension at each subspace. Sketch the waveforms explicitly at each subspace. Obtain the
reconstructed signal in functional form after nulling out any spike of (1/8)th unit of time. Analyze
using Fourier Transform. How much of energy is lost in the recovered signal?(8 points)
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It can be represented in graphical form as,
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f(t) can be written as,
f(t) =20(41) + ¢p(4t — 1) — ¢(4t — 2) — 2¢(4t — 3) (1)
We will use the identities,
. 1 . 4
P(2't — 2k) = §{¢(2J*1t — k) + (27— k) (2)
A 1 A .
Bt~ (2k+1) = S{O@ "~ k)~ (@t~ k)} (3)

Using the above identities in eq. 1 we get,



£(2) = [6(2) + 920 + 316(20) — $(20)] - 2[6(26 1) + (2 — 1] - [9(2¢ — 1) — (2t — 1)

3 1 3 1
= S6(20) + Z(2t) = S6(2t — 1)+ S92t — 1)

Using identities 2 and 3 in eq. 5 we get,

£(8) = 1600 + 9(0] + 5(28) — Sp(0) — (0] + 392~ 1)
= 20(0) + 3920 + 592t~ 1)

We can see that 3¢(t) belongs to Wy. 31(2t) and $¢(2t — 1) belongs to W.

Therefore dim(Vp)=0, dim(Wy)=1 and dim(W;)=2. Dimensions of all higher subspaces are 0.

The wavefprms at each subspace is shown below,
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Any spike of duration % will belong to W5. But we can see that dim(W3)=0. So the reconstructed
signal will be the original signal itself. We can verify it using the following identities which are

obtained from eq. 2 and 3,
d(27t — k) = ¢(27T 1 — 2k) + p(27T1 — (2k + 1))

V(2t — k) = ¢(27t — 2k) — p(27TH — (2k + 1))

Using above in eq. 7, we can verify that reconstructed signal g(t) is

9(t) = 2¢(4t) + ¢(4t — 1) — ¢4t — 2) — 2p(4t — 3)

As the reconstructed signal is the original signal itself, energy lost = 0.

(8)



Fourier analysis:

= G(f) = %sine

(

9(t) = 26(4t) + (4t — 1) — B(4t — 2) — 20(4t — 3)

£ e_jgﬂf + }sinc i e_jgﬁ — 1sinc i e_jISOWf
4 4 4 4 4



PROBLEM 3:
Consider the signal

1—|t] for —1<t<1
z(t) = . :
0 otherwise

Obtain the projection of z(t) on Vy and Wy spaces of Haar multi resolution analysis. Is the
projection shift invariant? (4 points)
)-

(b) Compute Z ¢(t —n). (1 point)

n=—00
Solution:

(a) Vi space is spanned by the interger shifts of ¢(t) and Wy space is spanned by the integer shifts
of ¥(t). Projecting x(t) on Vj requires ¢(t) and ¢(t+ 1) while that on Wy requires ¢ (t) and ¥ (t+1).
Therefore, let the projection be

L(t) = apP(t) + a—19(t + 1) + bot(t) + b—rtp(t + 1)

The coefficients can be determined by using projections on the basis functions:
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#(t) = 56(8) + 500+ 1) + 76() — ult+1)
The projected signal looks as follows
z(t) |3
4
B e e B
-1 -5 0 i 1

Projection is shift invariant for integer shifts.

o
(b)Summing the integer shifted versions of the scaling functions, we obtain Z ot —n)=1.

n=—0oo



PROBLEM 4:
The normalized DFT of an N length sequence is defined as follows:

We wish to compute the normalized DFT {X(0), X (1), X(2), X(3)} of a length 4 sequence using
the 4 channel filter bank shown below:

e o
() }—(14)

(a) Find the analysis filters {h;(n)}?_, and synthesis filters {g;(n)}?_, used to implement this filter
bank. (8 points) (b) If the analysis filters are to be made causal, what is the delay introduced by
the system? (2 points)

Solution:
(a) Let N =4.
X0 = S a(me-iZn — LS 4o
CRORD 52 a(n)e
1 1
X(0) = 52(0) + 52(1) + a(2) + 5a(3)
X(1) = 5a(0) — ja(1) - 5u(2) + () o
X(2) = %x(O) - %x(l) + %:c(2) - %m(B)
X(3) = 52(0) + 55(1) ~ 2a(2) — ()
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z(n)—
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Look at X (k) and yi(n),k =0,1,2,3.

3
= > a(m)hp(n—m),k=0,1,2,3

m=0

After downsampling, only sample corresponding to n = 0 will go through futher system.We have

X(0) = yo(n) = z(0)ho(0) + z(1)ho(—1) + z(0)ho(—2) + z(0)ho(—3)
X(1) = g (n) = () (0) + (1) (~1) + (0)hy(~2) + 2(0)hs (~3) )
X(2) = y3(n) = z(0)h2(0) + z(1)h2(—1) + z(0)h2(—-2) + x(0)ha(-3)
X(3) = ys(n) = x(0)h3(0) + x(1)h3(—1) + z(0)hs(—2) + z(0)h3(-3)
Comparing equations 10 and 11, we get
1 1 1 1]
=13 3 2 3
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n=0
_[i _ 1 _J 1]
) = |3 2 2 2
L 7
n=0
1 1 1 1]
hm=1-3 3 "2 2
g
n=0
j 1 j 1]
h =|-= -z 5 Py
3(n) 2 2 2 2
.
n=0
After upsampling, we have the following signals going through the synthesis filters:
X (0) 0 0 0
X(1) 0 0 0
X(2) 0 0 0
X(3) 0 0 0
The output
&(n) = X(0)go(n) + X(1)g1(n) + X(2)g2(n) + X(3)gs(n) (12)
For perfect reconstruction, #(n) = x(n). The normalized IDFT is given by
1 = r 1< 2
z(n) = —=> X(k)e¥F = N " X (k)e/ T = ZX (13)

\/N k=0 ﬂk:O



2 2 2
1 1 1
#(1) = S X(0) + 55X (1) = 5X(2) ~ j5X(3) "
1 1 1 1
z(2) = =X(0) — §X(1) + 5X(2) - §X(3)
1 1 1
z(3) = 5X(0) —J§X(1) - §X( )+J§X(3)
Comparing equations 13 and 14, we get
1 1 1 1]
o=l 3 3 3
T
n=0
[ 1 j 1]
o =175 T3 3 3
L ¥
n=0
[ 1 1 1 1]
eM=1"5 3 T3 3
L ¥
n=0
oo =2 -5 -1
2 2 2 2

3
o
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(b) From equation 12, we note that delay is due to the {g;(n)}>_, filters. Therefore, the delay is 4
units.



PROBLEM 5:

Problem 5.19 from the text P. P. Vaidyanathan (Multirate systems and filter banks). (4+3+43=10
points)

Solution:

(a) Given a 2 channel QMF filter bank. Analysis filters are given as H;(z) = Ho(—z). Synthesis
filters Fy(z) = Ho(z) and Fy(Z) = —Hy(2).

Ho(2) xo(n) vo(n) 3/0(”) Fo(2)
Hi(z Fi(z
1(2) m(n)m(n) y1<n> 1(z)

The signals at various nodes of the figure are
Xo(z) = Ho(2)X(z)
X1(2) = Hi(2)X(2)

Yy(z) = X0(2)+2X0(*Z)

Y (z) _ X1(2)+2X1(*Z)

X(2) = Fo(2)Yo(2) + F1(2)Y1(z) = § [Xo(2)Fo(2) + X1(2) F1(2)] + & [Xo(—2) Fo(2) + X1(—2) F1(2)]
— X(2) = $X(2) [Ho(2) Fo(2) + Hi(2)Fi(2)] + § X (—=2) [Ho(—2) Fo(2) + Hi (—2) F1 ()]

— 2X(2) = X(2) [Ho(2)Fo(2) + H1(2)F1(2)] + X (—2) [Ho(—2) Fo(2) + Hi(—2)F1(2)]

Above can be written in matrix form as

2xe) =[x x| i) B[R]

. Hy(z) Hy(—=2)
AC matrix H(z) = [ HO(E_Z) f.(;g(z) ]

dert#1 ()= | gt BRC | = ) - -2

(b) T(2) = §E§ = 5X(2) [Ho(2)Fo(2) + Hi(2) F1(2)] + 5X (—=2) [Ho(—2)Fo(2) + Hn (—2) F1(2)]
Now putting Fy(z) = Ho(z) and F1(Z) = —H;i(z) in above equation,

T(z) = 5X(2) [Ho(2)Ho(2) — Hi(2)H1(2)] = 5X (2) [Ho(2)Ho(2) — Ho(—2)Ho(—2)]

— T(2) = X(2) [H3(2) — H(—2)] = LX(2) x det(H(2))

Therefore T'(z) is 0 for some z if and only if det(H (z))=0



(c)Given,

Hy(z) = ZnN:o h(n)z~™ and N is even.

h(n) is real with h(n) = h(N — n).

Taking Z-transform we get,

Ho(z) = 2N Ho(z71)

Therefore, Hy(—2) = (—2)NHo(—27') = 2V Ho(—271) as N is even.

Taking z = e%ﬂ we get,

— det(H(e'%)) = H3(e5) — eINTH2(—eF)
As N is even /N7 =1
— det(H(e%)) = H(e3) — H(—e3 ) =0

Therefore H(z) is singular for z = 7



PROBLEM 6:
Problem 11.15 from the text P. P. Vaidyanathan (Multirate systems and filter banks). (5 points)
Solution:

Given H,(e J?) and Gs(e ]7)

Hy(e?)
—3m - s 3m w
Gb‘(‘f%)
- T 3m 5 w
Given ¢(w) and ¢ (w)
(o)
—T m w
Y
—27 -7 W 2 w

Wavelet basis function ¢y (t) = 2_§w(2*kt — 1) as given in the question.

To prove that ¥y (¢) forms an orthonormal set, we have to show that,

(Vrt, (1), Yua, (1)) = { (1): 2 i Z
We have
(t) — $w)
( l) e JUle( )
P(27Ft 1) «— 2Fe —j2F wlyj(2)
2- 2¢( kt —1) «— Qzeﬁzkwlw@kw)

Now, let’s evaluate (¢, (t), ¥, (1)).



a1, 0) = [ v @ (01t
= o [0, () ® Y, ()] a0 =0
= % /T Uity (T) Yy, (w — T)dT
= % /kall(T)wle(—T)dT sincew =0

Y1 (w) can be represented as,

Yu(w)

2§P7j2"'wl

|
gl
205
-
203
ot
St
&

Therefore,

27

(Yrr, (1), Yri, (1)) = 1 /_Qk 2§e_j2le1 X 2§ej2le2dT_|_ QL /2k 2%6_3'2’””1 % 2§ej2le2dT

2w J_2r T )
2k ok
_ L e ok =125 T (L~ g 4 1 /2’“ ok o125 T (11 ~lyy g
27 J_2n 27 J =
2k ok
Substituting 2T = p we get,
L7 - Lo (111
" o) = — —iplli=lay g 4 —ip(li—lz) g
(0. s() = 5 [ e pig [ e p

Substituting p = ¢ — 27 in the first integral and p = ¢ + 27 in the second and noting that
e~ila=2m)h=lz) — ¢=jahi=l2) and e~dlat2m)(h—l2) — g=ja(hi—l2) e get,

[ IR
- - —jq(li—lay - —jq(li—lg)
(000, (0) = 5 [ e ag s o [ ety
1 (" .
- —ja(li—la)
o _We dq
=6§(ly — Iy)

B 1, forll = 12
] 0, forly #1ly

Therefore 15 (t) forms an orthonormal set.



PROBLEM T:

(a) Represent the Haar wavelet decomposition and reconstruction upto second scale as non uniform
filter bank (i.e., decimation and upsampling rates are non uniform across different channels). What
are the analysis filters H;(z) and synthesis filters F;(z) for this filter bank. (4 points)

(b) Using the multirate theory in the frequency domain, show that this filter bank achieves perfect
reconstruction. (3 points)

(c) Test which of the special properties given below are satisfied by the filter bank. (2 points)

1. Strictly complementary
2. Power complementary
3. All pass complementary

4. Doubly complementary

(d) Are they Nyquist-m? (1 point)

Solution:
We can simplify the structure of Haar wavelet and decomposition as

Using Nobel identities

This simplifies the analysis side to

HQ(Z)

x(n) —— Hy(2) @ vi(n)

HU(Z)

@ vo(n)



Similarly the synthesis part can be simplified to

We can write expressions for Sa(2), Si(z) and Sy(z) as,



3
Sa(z) = i S X (2w H ()

k=0
3
Si(z) = %ZX(zwff)Hl(zwff)
kTO
)

1
So(z) = B X(zwé“)Ho(zwé“)
k=0
where,
1 k=20
k) J k
7Y L1 k=
- k=
1 k=0
Wf =
—1 k=1
We know

_ sz) (X (2)Ha(2) + X (j2)H2(j2) + X(=2)Ha(—2) + X (—jz)Ha(—jz2)]
+ FliZ) [(X(2)Hi(z) + X(j2)H1(jz) + X(=2)Hi(=2) + X(—jz) Hi(—jz)]
+ T o) Ho2) 4 X))

This can be rearranged as,

4 * 4 2

Fy(2)Ha(jz) | Fi(2)Hi(52)
2 42 L 41 }

X(z) _ X(z) [FQ(Z)HQ(Z) F1(Z)H1(Z) n FO(Z)HO(Z)]

+ XGa)|

L oX(a) [Fz(z)lzz(—z) N Fl(z)lil(—z) N Fo(z)l;lo(—z)]

LX) [FQ(Z)fff(_jz) N F1(z)fi1(—j2)}

Plugging in the values of the analysis and synthesis filters we find that



[Fz(z)fb(z) L ARG | FE)H()]
4 4 2 ]

|:F2(Z)i{2(jz) N Fl(z)fl(jZ): _o
[F2(Z)IZ2(Z) N Fl(z)fil(z) N FO(Z)I;O(Z)_ _0

By(2)Ha(—jz) | Fi(2)Hi(—j2)] _
s

Thus we find that,
X(2) = X(2)

which shows that we achieve perfect reconstruction.

(c) (i) Strictly complementary: We observe that

ZHi(z):1+\}§+Z1 [1_\}5}

im(z):u\}fz[u\a

i=0
So the filters are not strictly complementary as their summation is not a pure delay.
(ii) All pass complementary:
Z?:o H;(z) and Z?:o F;(z) are not all pass functions. So they filters are not all pass complementary.

(iii) Power complementary: We observe that

2
Y Hi(2)]? = Ho(2)Hg (2) + Hi(2) Hi (=) + Ha(2) H3 (2)
i=0
= constant

2

YIFEIP = Fo(2)F (2) + Fa(2)Fy (2) + Fa(2) F3 (2)
i=0
= constant

Therefore, analysis and synthesis filters are not power complimentary.



(iv) Doubly complementary: Analysis and synthesis filters are neither power nor all-pass compli-
mentary. So they are not doubly complimentary.

(d) Filters are Nyquist-m if they can be expressed in the form A;(z) = ¢+ 271 E(2?). As the filters
cannot be expressed in this form, they are not Nyquist-m.



