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Problem 1. (5.16) We use following properties of determinant under elementary row operations:
(a) When a row of a matrix is scaled by a scalar factor, its determinant is also scaled by the same factor.
(b) When two rows of a matrix are exchanged, the sign of its determinant changes.
By scaling the last r rows of the matrix
A N |: 0 IM_T':|

2711, 0

by the factor z, we have

2 det (A) = det({ﬁ IA{)D

— det(A) = z_T'det<L(: IJV(I)—TD.

Note that the the matrix

_ 0 IMfr
5=i o]

can be transformed to I by using the row exchange operations. Therefore det (B) is of the form +det (Ip;) = +1.

Hence, det (A) is of the form +z7".

Remark:

The matrix B can be transformed to I using r (M — r) row exchange operations using following procedure
(bubble sort algorithm). For ¢ = 1 to r, shift the (M —r 4+ i)th row to the top by (M — r) rows bringing down the
rows [0 IM_T} by 1 position. This involves (M — r) row exchanges as given by Ras—r4i—j+1 <> Rayr—ppi—; for
j=1to (M —r). Note that r (M — r) is not the least number of row exchange operations.

Therefore, det (A) = (=1)" M=) =,

Problem 2. (5.20) Define

E(z) = [Eo(2) Ei(2) En-1(2)]",
H(z) = [Hy(z) Hi(2) Hya(2)]"
1 0 0 0
0 z1 0 0
A(z) = 0 0 22
0
0 0 0 Z—(M—l)
We have
H(z) = WA (2) E(z™)
(Part a)

M —

—

= e ()" = (B () H ()



= (B D (A (7)) WIWA () B(eM)

= M (E@E@M) (A (@) A (7)) E(@M*)  (WIW =MT)
= M (E(EM) EEM) (A () A () =T)

= MM I\Ek e/ M) |

= M 11 (|Ex (27¢)] = 1vw)

= M2._

Therefore, the analysis filters Hy (2) ,k=0,1--- ,(M — 1) are power complementary.
(Part b) If W = e =75, then

M-1
Hy(z) = 28> 7 W*E; (M), k=12 M-1
i=0
Therefore,
N - T
Hy (2) Hi (2) = (z_kw{E(zM)) (zk (E(ZM)> wZ)
= wy (E f(=")) wi.
M- M-1 ) M-1
Z (W) Hy, (zW) = > <z (zW)P WPrE, (zMWiM)> <z—i > (W) W E, (zMWiM)>
i=0 i=0 p=0 4=0
M—-1 /M—1 M-1
= <Z PWPRD ( > <Z Wk g (zM)>
=0 q=0
M—1M—-1M-1
= Z P APk e-0if) (ZM) E, (zM)
p=0 ¢q=0 =0
M—-1M-1 M—1
= Pl 1 AC 2L o (zM) B, (M) Z W(pq)Z) (Rearranging summations)
p=0 ¢=0 i=0
M—-1M-1 . M-1
= (zp*qW(q*p)kEp (zM) Eq (M) M5 (p — q)) <Usmg Z W = M6 (k ))
p=0 ¢=0 i=0
= 1, p=gq
= M o (M Usingd(p—q) =4~ ° 7
pz;p ) ( gd(p—a) {07 p#q)
M-1 )
= M 1 (On unit circle, £, (zM) E, (zM) = ‘Ep (zM)’ = 1.)
p=0
M-
Z (W) Hy, (W) = M2
=0

Therefore, Hy, (z) Hy (z) satisfies M*™ band property. Hence, each analysis filter is a spectral factor of an M'"
band filter.

(Part c¢) The synthesis bank structure is shown in the Figure 1.

We use the following results proved in the proposition 1 at the end of this document.

(a) The system is alias free iff By, (2) Ry (2) = S (2),k=0,1,--- , M — 1 for some S(z) # 0.

(b) The overall system transfer function under this condition is T'(z) = 2z~ (M =1 §(zM),

Since we need a stable synthesis bank and no information on the zeros of Ej, (z) are provided, we require Ej (2)

M—1
to be a factor of S(z)Vk. Therefore, we choose S(z) = [[ Ekx (z). With this choice, the synthesis bank filters are
k=0



FIGURE 1. A generic analysis and synthesis filter bank system. Here T = W* where W is the
M x M DFT matrix. The system is alias free if Ey, (2) R, (2) =S (k), k=0,1,---,M—

the overall system transfer function as T (z) = z~(M-1g (ZM)

given by
Re(z)=]][FBe(z), k=0,1,---,M—1.
i£k
The overall system response is
M—-1
T(z) = z~ M~ H By (2M)
k=0
The amplitude response is
M—-1
7 ()] = |e 5D T B (5
k=0
M-1
= Jer M| T [Be (7))
k=0
T () = 1.

Hence, this choice of synthesis filter bank gives alias-free output without amplitude distortion.

Problem 3. (5.13)

o0

s(t) = Z $a(nT1)6(t —nTy)
= . 1, t=0
= n;m $a(t)0(t — nTh) (Usmg o(t) = {07 ' 0)
= sq(t) Y O(t—nTy)

o . + o0 0o ] ,
= sa(t) Z e—J27TT71 (Using Z (S(t—nTl): Z e—]2ﬂ'T1’>

n——oo n=—o0 n=-—o00
oo
— ot
= E Sq(t)e 77
n=—oo
o0

— SO / su (DT dt

— 00

Ey(2M) M M Ro(zM)
aoln] boln] coln] dof] foln]
By (M) M M Ri(2M)
ax[n] bi[n] c1ln] dq[n] filn] -
T T—l
bar—1[n] er—1n] da—1[n) Sriln] 271
EM—I(;;M) : M M RM_l(ZM) -

1, giving



5o n=—oo
= (Q 271'"—")
= Z sa(t)e 71 (Assume the exchange is possible. )
n=—00 \ ‘o
. > . 21
5(Q) = Z Sa JQ—JTI :

(Part a) We have
Sak(JQ) = X0 Q) Ho, (), k=0,1.

— S(Q) = Z Sak(ya—y%”)

Se () = H—Z:OOX <]Q] >H <;Qj2gl>, k=0,1.
— X(jQ) = Fao (i) So () + Fur () S1 ()
= niooXa (jQ—jQTwln) <Fa,o (J) H, (]Q—32T> + Faa () H, (JQ—JQ;T:L))
(Part b) Given Ty = 2T, T = 28, © = 2. Substituting 7y = 2%, we have
S X (52— 10)) (Fap (1) g (5 (2 — 10)) + Fas ) Hor (12— o) 1)

Given that X (jQ) = 0 for || > 0. Therefore, X (j (2 —no)) # 0 only if

-0 <Q—-no< o

Q Q
== ——1 <n< —+1
o o

i.e, n can be an integer in an open interval of length 2. Hence, n can take at most two values. Therefore, only 2
terms can be non-zero for a given value of 2.

(Part c) Given that |F,  (jQ)| =0 for || > ¢. From (1), X (z) =0 for |Q] > 0.

Case —0 < Q2 <0:

ne(2-1,2+1) = ne(-2,1) = ne{-1,0}. In this case,

X (jQ) (JQ) (Fao (jQ) Hao (jQ) + Fa (jQ) Ha 1 ()
a (jQ +]0’) ( a,0 (]Q) Ha70 (]Q +]O’) + Fa71 (]Q) Ha,l (jQ +]O’))

[ - - . HaO(.jQ) Hal(jQ) :| |:Fa0(jQ):|
X)) = [ X,(Q) X, . . ’. . Y .
() [ () (72 + jo)] [Ha,o (JQ+jo) Han (jQ+jo)| [Fan (5Q)
Therefore, the output is free from aliasing and distortion if
Hayo (752) Ho 1 (59) } |:Fa,0 (jﬂ)] _ |:T1:| @)
Hapo (jQ+ jo)  Hap (jQ+jo)] [Fan () 0}

Case 0 < Q2 < o
ne (%_17%4_1) = n € (—1,2) = n €{0,1}. In this case,

X(jQ) = (yQ)( Foo (5) Hao (jQ) + Fo1 (5Q) Ha 1 (7))
Xo (= j0) (Faro (5Q) Hao (JQ — jo) + Fur (Q) Ha (jQ — jo))
X Q) = [Xa (G99 Xo (72— jo)] [Hafa(;éj? .)7'0) Hj@fg]? Z‘a)} Eif 833]

Therefore, the output is free from aliasing and distortion if

nloi ey o] [ 0] = [6] v



(Part d) H,0 () =1 and H, 1 (jQ) = jQT1. Using 077 = 27, In this case the matrices in (2) and (3) are
1 jon L1 on
1 §OT +j2x| ¢ |1 jo1 —j2nl|

Their determinants are j2m and —j27 respectively. Therefore, the matrices are non-singular.
Case —0 < <0:

Foo(G)] _ [t jonn 17 [n
Faa (GQ)) |1 Ty +j2n 0
- j2r -1 1 0
r - T r(QTy+27)T1
Fao (JQ) _ (%)]
_Fa,l (]Q)_ L jTﬂ.l
Case 0 < Q < o
FoG] 1 jonn 7'
F..(GQ)| — |1 497 —j2n 0
o ;1 j (QTl - 271') —jQT T1
- jom -1 1 0
Fao(Q)) _ [Emegron
e I -

Therefore, the synthesis filters are given by

2—’T(l—l\m) Q<o
F,o(i2) = o o ’
0 (79) {O Q>0

.2 .
, —jzsign(Q), [Q <o

Define ideal low-pass filter and the corresponding time-domain sinc(-) function as

. 1 19 <
W) =
(9 {0 Q| >
o sin(ot/2
2 (ot/2)
We can write Fy o (j€2) = 25W (jQ) * W (). Therefore,

fao(t) = gx%(wl(lﬁ))2 (F7H (X1 () * X1 (jQ)) = 21y () 22 (1))

= fao(t) = 4sin’(0t/2) /0?12
Similarly, Fo o (jQ) = =2 (=W ( (24 %)) + W (j (2= §)))- Therefore,
fr () = i (rwt)e % )

INISIENTN]

~—

w(t) =

= gw (t)sin (at/2)

fa1 (t)

% (4sin’ (at/2) J0*t) .

Proposition 1. For the analysis and synthesis filter bank system in the Figure 1,
(a) The overall system transfer function is independent of the non-singular matriz T.
(b) The output of the system is alias-free iff Ey (2) Rk (2) =S (2), k=0,1,--- ,M — 1 for some S (z) # 0.
(c) Under the alias-free condition, the overall system transfer function is T(z) = z~(M=1g (zM).



Proof. Let the intermediate signals in the system be as indicated in the Figure 1. Define

0
Using this notation, we derive the output X (2) a

We can write,

[Z—(M—l)RO (ZM

Using this,
X (2)

) (MR (M)

= [Ao(x) Ai(2) - Am-1(2)],
= [Bo(2) Bi(z) --- Bu-1(2)],
[Co(z) Ci(2) -+ Cu-1(z)],
[Do(2) Di(2) --- Du-1(2)],
[Fo(2) Fi(z) - Fu-1(z)],
[EO (z) Ey(2) -+ FEpn_1 (z) ,
= [Ao (z2) Ai(2) --- AM 1 (z)
1 0 0
0 27t 0
= o

B(z) =
B(z) =

0
6 M 1)

as the function of input X (z) as follows:

X(2)A (2) E(z").
TA (z)
X (2)TA (2) E(zM).



—(M—1) M=1M-1

- ZT SR (2) X (W WPE, (M)

p=0 i=0
A - M1 e |
X (Z) = T Z <X (ZWZ) ZO Rp (ZM) EP (Z]\/I) W’lp) .
=0 p=

In matrix representation, the output can be written as

Ey (M) Ry (M
N Z—(M—l) E1 gzng R1 gzng
X (2)= —r [(X(z2) X(zW) - XWM-H]wW )

EM_1 (ZM) RM—I (ZM)
To obtain alias-free output, the necessary condition is

Eo (2M) Ry (2M S(zM)
1 E; (2M) Ry (M 0
Y s T
Ears (M) Rag (M) 0
for some S (z) # 0. Since W*W = M1, we have
Eo (M) Ry (2M) S(2M) S(zM)
Ey (2M) Ry (2M) 0 S(zM)
. =W : = :
EM_1 (ZM)RM_l (ZM) O S(ZM)

ie, Ry(2)E,(2)=8(z), p=0,1,---,M—1.
Under this condition, the output is

S(zM)
N 0
X(z) = M VI[X(z) X(W) - X(WM)]
0
X(z) = ~WM-bg (=) X (2).
Therefore, the transfer function is
X (2 e
T(z) = XEz; =~ 1)5(21\4)

(10)

(13)

(14)



